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ABSTRACT
Motion estimation and compensation is a key component in video processing. Motion estimation is necessary
for high quality video compression. It is also a key component in archive video restoration and motion picture
post-production. Very accurate motion vectors are usually required in the latter two applications. More accurate
motion vectors can also lead to greater coding efficiency. Real-time, accurate motion estimation is currently not
attainable on standard desktop PCs. It usually requires some kind of dedicated hardware such as on video coding
chips. Gradient based motion estimation is one which gives good accuracy for reasonable computational cost.
This paper uses the Wiener based motion estimator as a vehicle to explore the acceleration of gradient based
motion estimation on the PC.
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1. INTRODUCTION
Modern graphics hardware contain very powerful processing units. The performance growth of these GPUs is in
fact greater than Moore’s Law for CPUs. These GPUs are also becoming much more programmable as the computer games industry searches for more realistic and impressive visual effects. With improving programmability
and floating point operation these GPUs are becoming an attractive option for more general purpose computing
than they were designed for.
It is not however a straight forward thing to use the GPU as a general purpose processor. The algorithm in
question has to be adapted to fit in with the GPUs data format, data structure, program execution model, etc.
As an example of using the GPU as a co-processor to the CPU, a novel implementation of a well known motion
estimation algorithm is presented which uses the GPU to accelerate sections of the algorithm.
Motion estimation is a key component in video processing. Motion estimation and compensation is necessary
for high quality video compression.1 It is also a key component in archive video restoration2 and in motion
picture post-production and special effects.3 Motion estimation and compensation is also useful for scan rate
conversion in broadcast television.4
Motion estimation is however very computational intensive. Typically dedicated hardware such as on a MPEG
encoding chip is needed for accurate real-time motion estimation. On the PC real-time motion estimation is
some way off. Because the motion in real sequences is typically non-integer, sub-pel accurate motion vectors are
required to accurately motion compensate the scene. This means interpolation of the image signal is required,
which adds further computational demands.
Further author information: (Send correspondence to F.K.)
F.K.: E-mail: frkelly@tcd.ie, Telephone: +353 (0)1 608 2202
Address: Department of Electronic and Electrical Engineering, University of Dublin, Trinity College, Dublin 2, Ireland
A.K.: E-mail: anil.kokaram@tcd.ie, Telephone: +353 (0)1 608 3412
Address: Department of Electronic and Electrical Engineering, University of Dublin, Trinity College, Dublin 2, Ireland
Web: http://www.mee.tcd.ie/~sigmedia
This project was funded in part by Enterprise Ireland and Trinity Foundation.

2. MOTION ESTIMATION
There are three main types of motion estimation: block matching methods, phase correlation methods, and
gradient based methods. In most algorithms the image is divided up into blocks with one motion vector estimated
for each block. The model used here for image sequence processing is a translational one, and is defined as
In (x) = In−1 (x + dn,n−1 ),

(1)

where In (x) is the grey level of the pixel at the location given by position vector x in the frame n, and d n,n−1
is a displacement mapping the region in the current frame n into the previous frame n − 1. Using this model,
the grey level at each pixel in the current frame can be predicted from a shifted location in the previous frame.
The only parameter that is required for this model is the motion vector d.
Motion estimation algorithms can be split into their three main categories by the means in which they search
for this motion parameter. Block matching algorithms usually search a candidate set of motion vectors, choosing
the motion vector for each block which minimises some function of the Displaced Frame Difference (DFD)
DFD(x, d) = In (x) − In−1 (x + d).

(2)

The most common matching criteria are Mean Square Error (MSE), Mean Absolute Difference (MAD), and Sum
Absolute Difference (SAD). This method is quite simple to implement and most video codecs use block matching
for motion estimation, including MPEG-2, MPEG-4, and H.263.
Gradient based methods and phase correlation methods try and estimate the motion parameter directly.
Phase correlation methods5 estimate the displacement between two image blocks by means of a normalized
cross-correlation function in the 2-D spatial Fourier Domain. It is based on the principle that a relative shift in
the spatial domain results in a linear phase term in the Fourier domain.6 A 2-D discrete Fourier transform of the
relevant blocks in the two frames is firstly computed. From these a phase correlation function of the two blocks
is established. The location of peak(s) in this phase-correlation function indicates the relative displacement
between the two blocks. This technique has been implemented on a chip for real-time motion compensated
archive video restoration by Snell & Wilcox.7

2.1. Gradient Based Motion Estimation
Gradient based motion estimation techniques arise by rearranging equation 1 to have direct access to the motion
parameter d. By taking a Taylor series expansion of equation 1, it may be linearized about d to give
In (x) = In−1 (x) + dT ∇In−1 (x) + en−1 (x)

(3)

(x) ∂In−1 (x)
], and en−1 (x) represents the
where ∇ is the multidimensional gradient operator,∇In−1 (x) = [ ∂In−1
∂x
∂y
higher order terms of the expansion. Using equation 2, this can be rearranged to give an expression involving
the DFD with zero displacement

DFD(x, 0) = In (x) − In−1 (x)
= dT ∇In−1 (x) + en−1 (x).

(4)

Neglecting the higher order terms allows an equation to be set up at each pixel in a block. This can be expressed
as a vector equation, where the vector z0 and matrix G are made up of the DFD and gradient values for the
block respectively.
z0 = Gd
(5)
A solution for d can then be found in one step using a pseudo inverse approach8
d = [GT G]−1 GT z0 .

(6)

Because the Taylor series expansion is only valid over very small distances, this method can only be used to
estimate very small displacements. To overcome this problem a recursive solution called the pel-recursive method

is used.9 In pel-recursive methods equation 1 is linearised about a current guess for d, say d i . An update ui is
defined as the difference between this estimate di and the true displacement d
ui = d − d i .

(7)

In (x) = In−1 (x + di ) + uTi ∇In−1 (x + di ) + en−1 (x + di )

(8)

Equation 3 then becomes

There are many different methods of solving this equation to yield the displacement d. These include a least
squares approach for finding a direct solution,10 and optical flow based techniques.11 There are also methods
which refine the motion estimation solution by employing constraints on the motion itself. 12 Rather than explore
all these we concentrate on the Wiener based motion estimator algorithm instead.
2.1.1. Wiener Based Motion Estimation
Biemond et al13 presented a Wiener solution for the displacement which is robust to noise. It considers the effect
of the higher order terms on the solution as being the same as Gaussian white noise.
zi = Gui + e,

(9)

This is a pel-recursive solution which generates updates based on the current estimate of the motion vector, d i .
The update is intended to be small and should, over many iterations, force the estimation process to converge
on the correct motion vector. The solution for the update ui of the current estimate di is then
ui = [GT G + µI]−1 GT z
µ=

2
σee
2
σuu

(10)

2
2
Here, σuu
is the variance of the estimate for ui and σee
is the variance of the Gaussian white noise representing
the higher order terms. After the update is estimated, di is refined to yield the displacement that is used in the
next iteration, di+1 = di + ui . This process is repeated until some convergence criteria has been met. We will
refer to this estimator as the Wiener based motion estimator (WBME).

The slowest part of this algorithm is generating the two matrix multiplies, GT z and GT G. The G matrix is
a N 2 × 2 element matrix, where N is the size of the block. Calculating GT G requires a (2 × N 2 ) × (N 2 × 2)
matrix multiplication. Similarly GT z is a (2 × N 2 ) × (N 2 × 1) matrix-vector multiplication. Also the update
ui is typically a fractional value and hence the current estimate for the displacement is a fractional number.
A fractional displacement means that the image signal has to be interpolated to generate G and z. This
interpolation adds further to the computational complexity of the algorithm.

2.2. Hierarchical Motion Estimation
A hierarchical representation of images may be used to improve motion estimation. A multiresolution representation of an image, built up in the form of a Laplacian pyramid, is depicted in figure 1. The base of the
pyramid, level 0, is the original image. Each subsequent level in the pyramid is obtained by low-pass filtering
and subsampling the previous level. Typically each level is subsampled by a factor of two. Motion estimation is
then performed from coarse to fine levels with motion vectors refined at each level. Hierarchical methods have
been used for block matching14 and phase correlation.15
Hierarchical methods are particularly useful for gradient based algorithms as they allow for the estimation
of large displacements. By definition, the updates that are generated should be small to keep the Taylor Series
expansion valid. Using a pel-recursive method is not enough if the motion is very large, for example greater
than ±10 pixels. When the image is subsampled the displacement in the image is also reduced. Because at the
lowest resolution levels the displacement is small, the WBME can be used to determine a rough estimate of the
displacement in the image at this level. The estimated vectors are passed to the higher resolution levels as an
initial estimate of the displacement. The higher resolution levels can then fine-tune the displacement vector for
accurate motion estimation.
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Figure 1. Three level pyramid for multiresolution scheme.

2.2.1. Low-pass Filter
The low-pass filtering is usually performed with a gaussian filter kernel. The Intel Integrated Performance
Primitives library has a function for pyramid generation which uses the following gaussian kernel


1 4
6 4 1
4 16 24 16 4

1 
6 24 36 24 6 .
K=
(11)

256 4 16 24 16 4

1 4
6 4 1
This corresponds to a 2-D gaussian with variance 1.0. A simpler low-pass filter to use is the box filter. This
simply replaces each pixel by a local mean


1 1 1
K=
.
(12)
4 1 1
Figure 6 compares the effect of the gaussian filtering kernel and the box filter in pyramid generation, for a
multiresolution WBME algorithm. It shows the peak signal to noise ratio (PSNR) of the motion compensated
DFD for four test sequences. As can be seen, there is very little difference in results between the two. This suggests
that box filtering is sufficient for pyramid generation in multiresolution WBME, for video coding particularly
where PSNR is a good indicator of performance. It should be noted that the accuracy of the motion vectors
generated by the two methods may be different. This is not always evident in a PSNR comparison where different
motion vectors can yield similar low prediction errors. However only one of these vectors may correspond to the
true motion of the block. In applications such as video restoration, vector accuracy can be more important than
PSNR performance.

3. PROGRAMMABLE GRAPHICS HARDWARE
Modern computer graphics hardware contain extremely powerful graphics processing units (GPU). The performance of these GPUs is also growing at an extraordinary rate. Over the last ten to fifteen years this processing
power has been growing at a rate faster than Moore’s Law, which governs the the performance growth rate
of CPUs.16 A recent presentation at Graphics Hardware 2003 titled “Data Parallel Computing on Graphics
Hardware”, estimated that the current Nvidia GeForce FX 5900 GPU performance peaks at 20 GigaFlops. This
is equivalent to a 10-GHz Pentium 4 processor. GPUs get their impressive speeds by doing stream processing. 17

Stream processors are designed to work on large amounts of data which arrive continuously. These GPUs are
designed to perform a limited number of operations on very large amounts of data. They typically have more
than one processing pipeline working in parallel with each other.
The latest generation of graphics hardware also now contain programmable GPUs. Previously the number of
operations that could be performed on the GPU was limited to fixed functionality such as Texture and Lighting.
However the GPU has evolved to a situation now, where there are user programmable vertex and texture units.
These are commonly referred to as vertex shaders and fragment shaders respectively. These programmable
shaders allow for much more realistic visual effects in todays computer games especially, which is the main
driving force behind the computer graphics hardware industry.
A further improvement in the latest generation GPUs is the increase in pixel accuracy from 32 bits per pixel
to 128 bits per pixel. This means that each pixels red, green, blue, and alpha component can now have 32-bit
floating point accuracy throughout the graphics pipeline. This increase in data accuracy combined with the
increased programmability of the GPU makes it an attractive option for doing more general purpose computing
than the graphics operations for which it was designed. In particular it may be thought of as a useful co-processor
to the CPU for image processing tasks.
This paper looks at using the GPU to accelerate motion estimation. By offloading common image processing
tasks such as generating DFDs and image gradients from the CPU, we hope to speed up the WBME algorithm.
In particular we wish to generate the two large matrix multiplications on the GPU. Doing this also means taking
advantage of the GPUs fast interpolation hardware.

3.1. Programming the GPU
The GPU is designed as a stream processor for processing large amounts of data in parallel. Vertices are points
in 3-D space which define graphics primitives like triangles, polygons, rectangles etc. These primitives are used
to build up the geometry of the scene and define any 2-D or 3-D models to be displayed. Vertex programs are
used to transform and process these points. Textures are images which can be mapped onto the geometry and
models to add detail to a scene. A image of skin for example, can be mapped onto a model of a face to make
the model look more realistic. In order to use texture mapping, texture coordinates detailing how the texture
is to be applied to the model are required. These coordinates can be generated and manipulated in a vertex
program along with the vertices representing the models etc. in the scene. A fragment program then uses these
coordinates to index the texture image data and generate a final output pixel color.
Vertex and fragment programs are written in a special type of assembly language for these programmable
GPUs. There are higher level languages such as Nvidia’s Cg18 or Mircosoft’s High Level Shading Language
(HLSL) available. These are similar to the C,C++ type programming languages and use compilers to generate
the appropriate assembly language for the GPU. In this case however the programs are simple enough to be
written directly in the assembly language. This also ensures that the programs can be fully optimised for the
underlying hardware and do not use any unnecessary registers or instructions. The code in this paper is based
on the OpenGL ARB fragment and vertex program standards. The following is the instruction set for fragment
programs; the instruction set for vertex programs is very similar. There are operations such as add, subtract,
multiply, sine, maximum, minimum, etc. There is however no support for program flow control such as branching
or looping. These are features which will hopefully be implemented in the next generation of graphics hardware.
ABS ADD CMP COS DP3 DP4 DPH DST EX2 FLR FRC KIL LG2 LIT
LRP MAD MAX MIN MOV MUL POW RCP RSQ SCS SGE SIN SLT SUB
SWZ TEX TXB TXP XPD
In order to use the GPU for image processing, the images have to be downloaded to the graphics hardware as
textures. The GPU can then be used to sample values from these textures and perform any necessary operations
in a fragment program. A grid is made up of vertices representing the blocks in the image. A corresponding grid
of texture coordinates is also established. Using these coordinates the image is texture mapped onto the grid.
Offsetting the coordinates of blocks on the grid effectively means displacing the blocks in the image. The GPU
will sample the blocks from the offset position before applying the texture. Each blocks texture coordinates can

be offset to correspond to the motion vector for that block. The GPU can perform bilinear interpolation while
sampling from the texture if necessary. In this way it is possible to compensate all the blocks in the image in
one go. Using fragment programs, per pixel operations be done quickly on the compensated image. The result
of these operations are stored in pixel buffers (Pbuffers). These Pbuffers can also be used as textures if further
processing of the results on the GPU is required, or else the results are read back to the CPU.
3.1.1. Image Differencing
Subtracting two images on the GPU requires the following fragment program. Firstly the two images are loaded
into two texture units, texture0 and texture1. The TEX instruction is then used to sample the required pixels
from each texture unit (lines 3 & 4). This uses the texture coordinates passed to it to sample a value from a
texture, with the result stored in a temporary register. The texture unit can do bilinear interpolation if necessary
when sampling the texture value. Finally the SUB instruction is used to subtract the two values and output the
result (line 5).
!!ARBfp1.0
1 OUTPUT output = result.color;
2 TEMP frame1,frame2;
3 TEX frame1, fragment.texcoord[0], texture[0], RECT;
4 TEX frame2, fragment.texcoord[1], texture[1], RECT;
5 SUB output, frame1, frame2;
END
3.1.2. Image Gradients
Generating image gradients is also quite straightforward. In this paper the gradients are calculated using the
central difference formula
∂In−1 (x) ∂In−1 (x)
∇In−1 (x) = [
]
∂x
∂y
∂In−1 (x)
In−1 (x + 1, y) − In−1 (x − 1, y)
(13)
=
∂x
2
∂In−1 (x)
In−1 (x, y + 1) − In−1 (x, y − 1)
=
.
∂y
2
In order to calculate the gradient at the current pixel, the pixels directly above and below, and to the left and
right of the current pixel are needed. This can be done using the following vertex program to change the texture
coordinates of four texture units. This program outputs four sets of texture coordinates, two each for the vertical
and horizontal gradient calculation (lines 13-16).
!!ARBvp1.0
1 OUTPUT oPos = result.position;
2 OUTPUT oTex0 = result.texcoord[0];
3 OUTPUT oTex1 = result.texcoord[1];
4 OUTPUT oTex2 = result.texcoord[2];
5 OUTPUT oTex3 = result.texcoord[3];
6 ATTRIB iPos = vertex.position;
7 ATTRIB iTex0 = vertex.texcoord[0];
.
.
.
13 ADD
14 ADD
15 ADD
16 ADD
END

oTex0,
oTex1,
oTex2,
oTex3,

iTex0,
iTex0,
iTex0,
iTex0,

{1.0, 0.0, 0.0, 0.0};
{-1.0, 0.0, 0.0, 0.0};
{0.0, 1.0, 0.0, 0.0};
{0.0, -1.0, 0.0, 0.0};
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Figure 2. Flow diagram for gradient based motion estimation.

A fragment program similar to the one for subtracting two images is then used to generate the horizontal
and vertical gradients for the image. It uses four sets of texture coordinates, generated in the vertex program,
to access the pixels required for the gradient operation. The correct pixels needed for the gradient of the current
pixel, according to equation 13, are then subtracted and the gradients are output to two channels of the output
Pbuffer.

4. WBME AND THE GPU
Figure 2 shows a flow diagram depicting the operation of the WBME algorithm. Using the current estimate for
the displacement of the block, di , the DFD and gradients of the block are generated. These results are then
grouped into the z vector and G matrix. An update for the displacement, ui , is then generated. A convergence
test is finally performed to see if it is time to stop estimation for the block. There are usually various different
checks to see when convergence is reached, including
• Stop if the magnitude of the update is below some threshold.
• Stop if the number of iterations passes some predefined limit.
• Stop if the mean square error of the DFD for the block is below some threshold.
• Stop if current mean square error is less than previous one.
If any one of these tests fail the current estimate for the displacement is output as the motion vector for that
block. If all tests are passed then a new estimate for the displacement is generated using the current update and
the algorithm is repeated to generate a new update.
To exploit the processing power of the GPU for WBME it is necessary to modify this approach a little.
The GPU is designed for working on large volumes of data. Fragment programs operate independently for each
pixel in a texture. Typically there will be more than one pixel pipeline executing fragment programs in parallel.
Utilising this processing power efficiently involves operating on all the pixels in the image at once, rather than
working on a block basis like on the CPU. There are two main bottlenecks in the WBME as implemented on
the CPU. These are generating the DFD and gradients for each block, which requires image interpolation, and
generating the matrix multiplications for the update equation. The image interpolation can be done quickly on
the GPU if the images are treated as textures.

Gx

Per−pixel multiplication
Block summation
T

One component of G G matrix

Gy

NxN Block

Figure 3. Generating GT G matrix for each block.

4.1. GT G and GT z
Instead of finding a motion vector for each block before moving onto the next block, an update is generated for
each block in the image at each iteration. In this way the GPU can be used to accelerate the generation of the
updates for each block. To do this we take advantage of the structure of the G and z matrices. For a block size
of N × N pixels the composition of these matrices is as follows


DF D(x1 , di )
 DF D(x2 , di ) 
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(14)
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Looking at the resulting GT G matrix shows the following structure
2

T

G G=

N 
X
p=1

G2x (p)
Gx (p)Gy (p)

Gx (p)Gy (p)
G2y (p)



,

(15)

where Gx (p) and Gy (p) are the horizontal and vertical gradients of the block with displacement, di . Generating
GT z is a similar problem. In this case z is a N 2 × 1 element matrix. This results in a 2 × 1 matrix as follows

N2 
X
Gx (p)z(p)
G z=
,
Gy (p)z(p)
T

(16)

p=1

where z(p) is the pth element of the DFD for the block with displacement, di , and Gx , Gy are the gradients of
the displaced block as before.
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Figure 4. Average speed of WBME for CPU and GPU at three frame resolutions.

As equations 15 and 16 show, these matrix multiplications may be generated by a point-wise multiplication of
the matrices followed by a summation. This multiplication can be done very efficiently on the GPU in a fragment
program. Figure 3 shows how the second and third elements of the GT G matrix can be generated for all the
blocks in the image simultaneously. Firstly the image gradients for compensated frame I n−1 are generated on
the GPU, using vertex and fragment programs described earlier. These are saved as two textures, G x and Gy .
These textures are then passed through the graphics pipeline again and a different fragment program is used to
multiply the two images together. Finally the image is summed up on a block basis, giving a single value for
each block in the image. This summation can be done either on the graphics card or on the CPU. Calculating
the other elements of GT G and GT z is performed in a similar manner.
To do the summation on the GPU the results of the matrix multiplication must be saved as textures. A
sum-reduce operation is then performed where the image is summed in 2 × 2 blocks over multiple passes. The
image is subsampled by a factor of two with each pass. For a block size of N × N pixels, log 2 N passes are
required. Alternatively the gradient and DFD images can be read back to the CPU for summation. However
due to a PCI bandwidth problem,19 reading these images back is very time consuming. There is a special high
speed interface called the AGP bus for transferring data quickly to the graphics hardware. However reading data
from the graphics hardware is performed over the relatively slow PCI bus. It is faster to do the summation on
the GPU than reading back these full images across the slow PCI bus for summation on the CPU.

4.2. Multiresolution
Modern graphics hardware have built in pyramid generation schemes which use a box filter to low-pass filter
each level. This is known as automatic mipmap generation. Mipmaps is the name in the graphics industry given
to a hierarchical representation of textures. While downloading textures to the graphics hardware the GPU can
be set to perform automatic mipmap generation. The GPU can then choose the correct mipmap level to be used
depending on the size of the object that the texture is being mapped to.
As stated earlier in section 2.2.1, the results in figure 6 suggest that box filtering is good enough for pyramid
generation in WBME. This means that the techniques described in the previous section can be used to accelerate
a multiresolution implementation also. To start with the images are downloaded to the GPU as textures with
mipmap generation enabled. By drawing a grid of blocks with resolution corresponding to the current pyramid
level, the GPU will choose the correct mipmap level to sample pixels from.

4.3. Results
The results shown in this paper were generated on a 1.6 GHz Pentium 4 machine, with a Nvidia GeForce FX
5600 graphics card installed. Figure 5 shows a sample frame from the four test sequences used. These are the well
known calendar/mobile sequence, foreman sequence and salesman sequence. Also included is a sequence from a
1911 Irish silent movie, called Rory O’ More. There were three different image resolutions, 180x144, 360x288,
and 720x576. A three level hierarchical WBME scheme was used, with the maximum number of iterations at
each level set to ten.
The criteria used for comparing the various implementations is the Peak Signal to Noise Ratio (PSNR). It is
defined as


255
P SN R = 20log10
.
(17)
M AE
The Mean Absolute Error (MAE) is calculated over all M × N pixels of the motion compensated DFD image,
M AE =

M N
1 XX
|DF D((i, j), d(i,j) )|,
M N i=0 j=0

(18)

where d(i,j) is the displacement vector for pixel (i, j). All the pixels in a block are assigned the displacement
vector for that block.
Figure 4 shows the average frames per second for WBME on both the CPU and GPU. The GPU implementation is approximately twice as fast as the CPU implementation, for the three different resolutions tested.
Real-time performance of 25 frames per second is achieved at QCIF resolution.
Figure 6 details the PSNR performance for the four test sequences. There are four sets of results for each
sequence: a CPU implementation and GPU implementation using both gaussian and box filtering in the pyramid
generation scheme. As the results show, there is very little difference in PSNR performance between each method.
There also seems to be little to choose between which type of low-pass filter to use. The Intel library gaussian
filter is highly optimised for the Pentium 4 processor and does not have any effect on the timings. However using
the built-in pyramid generator with the GPU makes implementation slightly more straightforward. The images
for the current frames only have to be downloaded to the graphics hardware once at the start of each frame,
rather than downloading each level of the pyramid separately.

5. CONCLUSION
In this paper we show how to implement a novel hierarchical Wiener based pel-recursive motion estimator,
which uses the GPU as a co-processor to the CPU. We use the GPU for some fundamental image-processing
functions such as image addition, subtraction, multiplication as well as doing image interpolation and finding
image gradients. We used these as building blocks to implement our WBME. We found that we could achieve
on average a two fold speed increase while using the GPU in this way, with little change in PSNR performance.
We also investigated the effects of using a box filter in the pyramid generation scheme on our hierarchical motion
estimator. The GPU has a built in pyramid generator which uses a box filter to low-pass filter each level.
Surprisingly this was found to have little effect on the result.
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Figure 5. Frames from the four test sequences used. (a) calendar/mobile, (b) salesman, (c) foreman, (d) rory.
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Figure 6. WBME PSNR results for the four test sequences. (a) calendar/mobile, (b) salesman, (c) foreman, (d) rory.

